Relativistic formulas for the electric quadrupole moment of a hydrogenlike atom, induced by the hyperfine interaction, are derived for ns and np 1/2 states. Both the magnetic dipole and electric quadrupole hyperfine interactions are taken into account. The formulas are valid for ions with arbitrary nuclear charge and spin. The induced quadrupole moment is compared with the nuclear quadrupole moment for a wide range of hydrogenlike ions.
Introduction
In Ref. [1] it was first noted that a hydrogen atom in the triplet s state has an electric quadrupole moment. This is caused by the admixture of the d 3/2 states to the s state due to the hyperfine interaction between the electron and the magnetic dipole moment of the nucleus (HFI µ ). In Refs. [2] [3] [4] , the quadrupole moment (QM µ ) of a hydrogenlike atom in the 1s state was calculated in the full relativistic theory:
Q µ (1s, Z, I, µ) = 2γ + 1 3
Here
Z is the nuclear charge number, I is the nuclear spin, α is the fine structure constant, a is the Bohr radius, m e and m p are the electron and proton masses, respectively, µ is the magnetic moment of the nucleus, µ N = |e| /(2m p c) is the nuclear magneton, γ = [1 − (αZ) 2 ] 1/2 , η = (−1)
F (2F − 1)(2F + 1) I(I + F + 1/2)(I + F + 3/2)
and F is the total atomic angular momentum. For the ns state with F = 1, I = 1/2 the corresponding calculation to the lowest order in αZ yields [5] :
A hydrogenlike atom has the QM µ also in p 1/2 states, which is caused by the admixture of p 3/2 states. The relativistic theory of the QM µ for a hydrogenlike atom in the 2p 1/2 state with F = 1, I = 1/2 gives [6] :
where N = (2 + 2γ) 1/2 . The electric quadrupole hyperfine interaction of the electron with the nucleus (HFI Q ) can also induce a nonzero electric quadrupole moment of the atom (QM Q ), mixing the s states with the d states, and the p 1/2 states with the p 3/2 and the f 5/2 states. However, since for light atoms the HFI Q is much weaker than the HFI µ and, in addition, it can contribute only for atoms with the nuclear spin I > 1/2, it was generally disregarded in previous calculations.
In the present paper, we derive relativistic expressions for the electric quadrupole moment of a hydrogenlike ion being in ns and np 1/2 states. The derived formulas are valid for ions with arbitrary nuclear charge, spin, magnetic dipole and electric quadrupole moments. Both magnetic dipole and electric quadrupole hyperfine interactions are taken into account.
Relativistic and Heaviside charge units ( = c = 1 , α = e 2 /4π) are used in the paper, the charge of the electron is taken to be e < 0.
Induced quadrupole moment
The hyperfine interaction operator is given by the sum
where H µ and H Q are the magnetic-dipole and electric-quadrupole hyperfine interaction operators, respectively. In the point-dipole approximation,
and, in the point-quadrupole approximation,
Here the vector α incorporates the Dirac α matrices, µ is the nuclear magnetic moment operator acting in the space of nuclear variables,
is the operator of the electric quadrupole moment of the nucleus, η 2m = C 2m ( n)/r 3 is an operator that acts on electron variables, n = r/r, r is the position vector of the electron, r i is the position vector of the ith proton in the nucleus, C lm = 4π/(2l + 1) Y lm , and Y lm is a spherical harmonic. It must be stressed that the electric quadrupole interaction should be taken into account only for ions with I > 1/2. Thus the quadrupole moment of a hydrogenlike atom in the |A state, induced by the hyperfine interaction, is given by
where Q zz = −r 2 (3n 2 z − 1), |A and |N are the state vectors of the total (electron plus nucleus) atomic system, E A and E N are the related energies.
Let us consider first the ns state. Integrating over angular variables in (9) yields
and
Here µ = II|µ z |II is the nuclear magnetic moment, Q N = 2 II|Q 20 |II is the electric quadrupole moment of the nucleus,
, F = I + 1/2, I = 1/2
,
σ x is the Pauli matrix, the vector |nκ = rg nκ rf nκ ( nκ|nκ = ∞ 0 (g 2 nκ + f 2 nκ )r 2 dr = 1) consists of the upper and lower radial components of the Dirac wave function defined by
) and E n,κ is the Dirac energy. For the point-charge nucleus, the sums ξ 1 and ξ 2 , can be evaluated analytically, employing the method of generalized virial relations for the Dirac equation in a central field [7, 8] . For κ = ±κ ′ one can derive [7, 8] 
and [11] 
where σ y and σ z are the Pauli matrices,
Further calculations of expressions (10), (11) 
It can be seen that formula (1) is a particular case (n = 1, F = 1, I = 1/2 (η = 1)) of formula (21). For small Z, we can expand (21) and (22) in the parameter αZ with the two lowest-order terms kept:
The main term in equation (23) coincides with formula (4). For the np 1/2 state, a similar calculation yields
For n = 2, F = 1, I = 1/2 formula (25) agrees with equation (5). For small Z, we can expand expressions (25) and (26) in the parameter αZ with the two lowest-order terms kept:
Numerical results
In Tables 1 and 2 , we present the numerical results for Q µ , Q Q , and Q total = Q N + Q µ + Q Q (the total quadrupole moment of the atom) for a wide range of hydrogenlike ions. For ions with I = 1/2, the total quadrupole moment is completely determined by QM µ . For the other ions, the role of the induced quadrupole moment is most important for low Z and decreases with Z increasing. We note also that, according to formulas (23), (27), (24), (28), the induced quadrupole moment increases rapidly with n increasing. As a result, for highly exited states the total quadrupole moment of a hydrogenlike atom is mainly determined by the induced quadrupole moment. (2) 
